Current focusing resulting in extension of initial surface cracks 1n beta alumina electrolytes (Mode I degradation) is discussed in terms of existing models. Focusing for an 1on current impinging on an ellipticcylindrical flaw is calculated by solving for the electric potential with suitable boundary conditions. The current density distribution along the crack is used to calculate the sodium flow velocity and Poiseuille pressure inside the flaw. Calculated critical current densities using a KIC criterion are several orders of magnitude higher than measured average critical current densities. This implies a lower effective KIC for electrolytic degradation than for mechanical testing. Current density enhancement around insulating barriers, such as non-wetted surface areas, is also calculated using elliptic- 
iv cylindrical coordinates. Significant current density enhancements are found, but they are localized in very small regions. Crack growth would occur within these regions, but should be arrested once the flaw extends past the high current density zone. A plausible mechanism for decreasing KIC in the electrolytic case is discussed.
INTRODUCTION
The degradation of sodium-beta and beta" alumina fast ion conductors during cycling in sodium/sulfur cells may occur by different mechanisms [1] .
Mode I degradation is the penetration of the electrolyte by a sodium filled crack or crack network propagated through the electrolyte from the sodium/beta alumina interface, driven by cathodic plating of sodium into the crack. In contrast to Mode I, Mode II degradation results from the formation of sodium metal in the bulk of the solid electrolyte as a consequence of the development of some electronic conduction.
For Mode I, the local cathodic deposition of sodium is enhanced by the crack geometry. A specific calculation requires assuming a specific crack geometry. As was indicated by De Jonghe et al. [2] , this crack geometry may be complicated in the propagation phase where frequently crack branching may be observed. For the purpose of calculating current density thresholds for initiation of Mode I, the assumption that a single, small, sodium-filled surface crack is the active defect appears to be quite plausible.
In the first treatment of the Mode I breakdown problem by Armstrong et al. [3] , the electrolyte was modelled as a parallel sided slab with a sodium filled flaw extending perpendicular to the sodium/electrolyte interface. The flaw was then considered to take the form of a hemispherically capped cylinder. The current flowing into the flaw was obtained by assuming the sodium metal to be at the same potential everywhere, and by calculating an effective resistance around the tip of the crack. This approximate treatment gave the qualitative result that the crack growth velocity is proportional to the crack length and to the average current density ~n the slab, but it did not make use of critical fracture concept and did not yield a "threshold" current density below which degradation of this type will not occur.
A more refined treatment has been given by Shetty et al. [4] , in which the crack shape was calculated using elasticity theory such that its shape was consistent with the pressure generated due to the viscous flow of the sodium within. A crack profile-pressure distribution was then determined by an iterative calculation reaching self consistent results. The finding was that the profile changed little after the first iteration, given an approximately parallel sided crack with rounded tip and a uniform pressure gradient. By incorporating the critical fracture concept together with the linear pressure profile, large current densities were calculated to be necessary for crack extension. The current densities were on the order of 1500 A/cm 2 for an initial flaw length 25 ].lm in beta" alumina. This is about 3 a factor of 10 larger than the typical average current densities that are observed for the initiation of rapid breakdown by Mode I.
A more accurate treatment is given here for the current focusing and fracture problem, in that it calculates directly the primary current density distribution and sodium pressure along that crack. Some simplification in the analysis is achieved by using an e1liptic-cylindical crack shape. This further refinement of the current focusing problem leads to a critical current density that is even higher than the ones calculated in the more approximate treatments.
CURRENT FOCUSING -SODIUM FLOW VELOCITY
The calculation is performed for a crack of elliptic-cylindrical shape, as shown in Figure 1 . This value is a factor of two smaller than the one obtained by the approximate treatments of Richman and Tennenhouse [6] .
From the current density distribution, the total sodium flux versus distance along the crack can be found, yielding an average flow velocity that is independent of position along the crack. This 1.s a consequence of the elliptic crack geometry and simplifies the calculation. The current contribution, j(~), per unit width, w, along z for an element of arc along the crack surfac~ is 2 where dS = a (cosh n
The factor of 2 ar1.ses since the current is fed in from both sides ( 6) of the crack. Substitution for j(~) from Eqn. (4) and integration gives:
The total current into the crack (~ = TI/2) per unit width is approximately 2j 00 a, which compares well with the estimate of Richman and Tennenhouse [6] . The flow velocity is related to the ratio of the flux through a cross section of the crack to the cross sectional area, along the elliptic-cylindrical crack.
FLOW PRESSURE AND FRACTURE MECHANICS OF CRACK
The flow pressure is calculated, assuming Poiseuille type v1scous
flow along x between infinite parallel plates of spacing 2y:
y where T 1s the viscosity and v is the average flow velocity. This will be 1n reasonable agreement with the present geometry away from the tip of a long, narrow crack with nearly parallel faces.
In the high curvature region at the tip, the flow will be more nearly perpendicular to the walls. The assumption that v is given by Eqn. (9) up to the crack tip should over-estimate the pressure gradient near the tip, thus giving an upper bound on the pressure. The gradient is: 
parallel sided channel of spacing 2r. This is the pressure head value of Shetty et al [4] . The two pressure distributions are compared in Figure 3 .
In terms of a fracture mechanics approach, KI must be evaluated for this internally loaded crack. It is given for an internally loaded edge crack [7] by
with f(u) = (1-u) (0.2945-0.3912u 2 + 0.7685u 4 -0.9942u 6 + 0.5094u 8 ).
Equation (13) is an integral form of the formula for K 1 given by Sih [7] for loading by a point force. Substitution of P(x) from (12) Some results from fracture mechanics on the relation of crack (14) displacement to length in a generalized crack geometry [8] = KIC E' ne/(3.32 T t)
An illustration of some typical values of the crack parameters is 5 shown in Table I . 
a factor of two ~maller than the one obtained by Virkar et al. [9] from the mechanical analog of the problem.
An illustration of the qualitative nature of the mechanical analog for the current density can be made by comparing the tangential stress around an elliptical hole in a sheet under uniaxial tension and the tangential current density around an identical hole in a conducting sheet with a uniform current density at infinity in place of the uniaxial tension. Figure 5 shows the comparison between the calculated normalized tangential stress, as given in Jaeger [10] and the normalized tangential current density around the hole calculated as described above for r/~ = 1/2. Thus we see that the mechanical analog is not exact in geometries such as these. For example, the calculated mechanical stress enhancement at the point of highest curvature around the hole 'shown in Figure 5 is 5/3 times the electrical current density enhancement at the same point; the analog tends to exaggerate the current density enhancement.
It is necessary to know the spatial extent of the zone of enhanced current density around the platelet. This allows an estimate of the Let us also take the max ~ current density to be uniform outside the enhanced reg1on, with a value of j 00 •
Since the boundary condition of uniform current density of magnitude j 00 at large y imposes a definite total current, the conservation of current (Kirchoff's Law) determines the width, R, of the high field or high current region. The total current in that region, j Rw, must be, to a first approximation, l/2(2j £w), for max oo r/~<<1, which would be half the current flowing through the platelet area if the blocking platelet were removed. The current flowing around the platelet is in a sense a "displaced" current. Equating the current in the enhanced zone with the total displaced current gives a zone of width j ~/j , or r. Thus, for r/~<<1 and large current density oo max enhancement, the zone size is also very small compared to the length of the platelet. A somewhat more exact argument, which gives the same basic result can be made by finding the point of intersection of the tangents to the integrated current versus position curve.
The tangents to the curve are constructed at the platelet edge and at infinit~ on the interface. Figure 6 indicates schematically an initial flaw located at the edge of a blocking platelet in the enhanced current region. Table II gives the values of j . for several assumed initial It is seen that the current enhancement zones are many orders of magnitude too small, or that the experimentally observed critical 2 currents of a few A/em are many orders of magnitude lower than the calculated ones. The results thus indicate that the Mode I mechanism needs to be modified in order to account for the large discrepancy that exists between calculated and observed critical current densities.
It is difficult to envisage that anomalously high viscosities for sodium (e.g., due to impurities or to some geometrical restrictions in the capillary channel) could account for the discrepancy; rather, the results indicate that the effective critical stress intensity eff factor, KIC is not the same as the one that is appropriate for mechani- . This effect could lead to crack growth at some critical field that is reached when the macroscopic current density is well below the one at which the mechanical stress intensity factor K 1 would exceed the critical stress intensity factor, Krc· 
TP
where U is the elastic strain energy and P is allowed to tend toward e zero. u is expressed in terms of the previously calculated K 1 and e the stress intensity factor due to the fictitious forces. 
LIST OF FIGURE CAPTIONS Fig. 1 . Current focusing geometry for elliptic-cylindrical crack. Fig. 2 . Coordinate system for elliptic-cylindrical crack. 
